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Microscopic Entropy of Non-dilatonic Branes: a 2D Approach
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Cittadella Universitaria 09042 Monserrato, ITALY
We investigate non-dilatonic p-branes in the near-extremal, near-horizon regime. A two-
dimensional gravity model, obtained from dimensional reduction, gives an effective description of
the brane. We show that the AdSp+2/CFTp+1 correspondence at finite temperature admits an
effective description in terms of a AdS2/CFT1 duality endowed with a scalar field, which breaks
the conformal symmetry and generates a non-vanishing central charge. The entropy of the CFT1 is
computed using Cardy formula. Fixing in a natural way a free, dimensionless, parameter introduced
in the model by a renormalization procedure, we find exact agreement between the CFT1 entropy
and the Bekenstein-Hawking entropy of the brane.
I. INTRODUCTION
The brane solutions of string and M-theory are important for several reasons. The non-dilatonic p-brane solutions
play a crucial role in the formulation of the anti-de Sitter/Conformal Field theory (AdS/CFT) correspondence [1, 2, 3].
For instance, in the 3-brane case, the low energy limit of string theory is found to have two different descriptions,
each of them splitting into two decoupled pieces. The first is free bulk supergravity and the near-horizon geometry
of the extremal 3-brane (AdS5 × S5) and the second is free bulk supergravity and N = 4, U(N) super Yang-Mills
theory (SYM) in four dimensions. This led Maldacena to identify string theory on AdS5×S5 and the SYM theory as
duals. Similar arguments led Maldacena to propose a duality between string theory on the near-horizon geometry of
extremal non-dilatonic p-branes in D-dimensions (AdSp+2×SD−p−2) and a conformal field theory in p+1 dimensions.
Brane solutions are also interesting from a slightly different, albeit related, point of view. p-branes are classical
solutions of supergravity (SUGRA) theories inD dimensions. Being gravitational configurations, they may be endowed
with an event horizon and become black p-branes. From this point of view they can be considered as a generalization
of charged black hole solutions of general relativity. In particular, one can associate to them a thermodynamical
entropy using Bekenstein-Hawking area law. Similarly to the black hole case, one has to face the problem of giving a
microscopical interpretation of the Bekenstein-Hawking entropy of the brane.
In view of the AdS/CFT correspondence, one is tempted to use the CFTp+1 dual theory to compute the micro-
scopical entropy of the near-horizon, near-extremal p-brane. However, this is not so easy. The AdS/CFT duality is
assumed to hold at zero temperature, corresponding to the extremal brane, which has also zero entropy. Near-extremal
branes have non-vanishing temperature and entropy, but finite temperature effects break conformal invariance. If the
AdS/CFT duality survives finite temperature effects, the near-extremal brane should be described by a CFT at finite
temperature. Indications that this could be the case come from calculations for the 3-brane.
Klebanov et al. compared the entropy of the 3-branes with that of finite temperature, weak coupled U(N) gauge
theory. They found an agreement of the two results up to a numerical factor [4, 5]. The origin of the discrepancy factor
is qualitatively well understood. The gauge theory computation is performed at weak ’t Hofft coupling, whereas the
gravity description is assumed to be valid at strong ’t Hofft coupling. Also the result for the 1-brane in D = 6 indicates
that near-extremal branes can be described by a finite temperature CFT. In this latter case, the near-extremal brane
can be identified as a Ban˜ados-Teitelboim-Zanelli (BTZ) black hole, whose entropy can be exactly reproduced using
a two-dimensional (2D) CFT at finite temperature [6].
For M-branes (the 2,5-brane) the situation looks rather different. Here the AdS/CFT duality is of little help. The
Klebanov et al. calculation, which uses a dual, weak-coupled, field theory, reproduces correctly the scaling behavior
of the brane entropy with the temperature but not that with the number of branes N . Thus, for the 2,5-brane we
have rather weak indications that the near-extremal brane can admit a description in terms of a finite temperature
CFTp+ 1.
Other attempts to explain the entropy of non-extremal p-branes use a generalization of the approach proposed by
Strominger and Vafa to compute the entropy of extremal BPS black holes [7]. One tries to explain the entropy of the
brane is terms of states of the string living on the brane [8, 9, 10, 11, 12].
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2Considering this situation it is worth to explore other possibilities to describe near-extremal non-dilatonic p-branes,
which can be used to give a microscopic interpretation of the brane entropy. In Ref. [13] has been proposed an
effective description of the near-extremal 3-brane in terms of a AdS2/CFT1 duality endowed with a scalar field which
breaks the conformal symmetry and generates a non-vanishing central charge. The Bekenstein-Hawking entropy of
the 3-brane could be matched by CFT1 calculations up to a numerical factor.
In this paper we improve the method used in Ref. [13] and generalize it to all the relevant non-dilatonic branes.
In particular, we will be able to reproduce exactly the thermodynamical entropy of the near-extremal non-dilatonic
p-branes fixing in a natural way a dimensionless, renormalization parameter, which appears as free parameter in our
calculations.
In section II we briefly review some basic facts about black p-branes. Later on (section III) we perform a dimensional
reduction of the brane to obtain a 2D gravity model, which gives an effective description of the near-horizon, near-
extremal brane. In section IV we study the group of asymptotical symmetries (ASG) of the 2D solutions. A one-
dimensional CFT will emerge as dual description of the 2D bulk gravity theory. The central charge of the associated
Virasoro algebra is computed in section V. Making use of a renormalization procedure, we will be able to find finite
charges associated with the ASG, at the price of introducing a dimensionless free parameter β. The entropy of the
p-brane is then calculated via the Cardy formula. Fixing the parameter β we reproduce exactly the thermodynamical
entropy of the brane.
II. NON-DILATONIC BLACK p-BRANES
In this section we briefly review some well-known facts about p-branes. Black p-branes are classical Ramond-
Ramond (RR) charged solutions of SUGRA theory in D dimensions [14, 15, 16, 17, 18, 19]. They can be also
considered as the low energy limit of string and M-theory.
In the Einstein frame the bosonic part of the action reads:
A =
1
2k2D
∫
dDx
√−g
(
R− 1
2
(∇φ)2 − 1
2n!
F 2ne
aφ
)
, (1)
where φ is the dilaton, Fn is the field strength of an (n−1)-form potential Fn = dAn−1, and a is a constant depending
on the dimensional reduction that produces the action in D dimensions. The metric part of the electric solution of
the action (1) is [20, 21, 22] (the magnetic solution is obtained using Hodge duality)
ds2 = [H(r)]−
2(d−2)
δ
(
−f(r)dt2 +
p∑
i=1
dxidx
i
)
+ [H(r)]
2(p+1)
δ
(
f−1(r)dr2 + r2dΩ2d−1
)
H(r) = 1 +
(
hp
r
)d−2
, f(r) = 1−
(r0
r
)d−2
D = d+ p+ 1,
δ = (p+ 1)(d− 2) + a
2(D − 2)
2
, h2(d−2)p + r
d−2
0 h
d−2
p =
δQ2
2(d− 2)2(D − 2) , (2)
where Q is the RR charge, r0 and hp are integration constants related to the mass and charge of the brane. The
solution (2) can be regarded as a generalization of the Reissner-Nordstrom charged black hole solution, for this reason
it is called black p-brane.
We are interested in non-dilatonic branes: M-branes (the 2-brane and 5-brane in eleven dimensions) and dyonic
branes with equal magnetic ed electric charges inD = 2p+4, with p odd (1-brane inD = 6 and 3-brane in D = 10). M-
branes are non-dilatonic simply because there is no dilaton in eleven dimensions. Dyonic branes with equal charges in
D = 2p+ 4 and p odd are self-dual solutions of theories with self dual (p+ 2)-field strengths. They are characterized
by a constant dilaton and can be thought of as intrinsically non-dilatonic. In what follows we will consider only
non-dilatonic branes.
In the extremal limit (r0 = 0) the metric (2) becomes:
ds2 = [H(r)]−
2
p+1
(
−dt2 +
p∑
i=1
dxidx
i
)
+ [H(r)]
2
d−2 (dr2 + r2dΩ2d−1)
hd−2p =
Q√
α(d− 2) , α =
2(D − 2)
(d− 2)(p+ 1) . (3)
3The brane tension Tp and the D-dimensional Newton constant GD, can be written in terms of the D-dimensional
Planck length lD and the string coupling constant gs,
Tp =
2pi
(2pilD)p+1gs
, 2k2D = 16piGD =
(2pilD)
D−2g2s
2pi
. (4)
We can also define,
ep =
1√
2kD
∫
Sd−1
∗Fd−1 =
QΩd−1√
2kD
. (5)
For a single p-brane the flux of the RR field is
√
2kDTp. If we consider N coincident p-branes we have
N =
ep√
2kDTp
=
Ωd−1Q
2k2DTp
, hd−2p =
(2pilD)
d−2Ngs√
α(d− 2)Ωd−1 . (6)
The AdS/CFT duality arises considering the near-horizon limit,
(r, lD)→ 0 keeping fixed u(p+1)/(d−2) = rl−α(p+1)/2D (7)
of the brane solution. In this limit the extremal brane (3) becomes
ds2 = λ2pu
2
(
−dt2 +
p∑
i=1
dxidx
i
)
+
du2
λ2pu
2
+R20pdΩ
2
d−1, (8)
where R0p = hp and λp = (d − 2)/[(p + 1)R0p]. The near-horizon region has the AdSp+2 × Sd−1 geometry. This
was the starting point of the Maldacena conjecture about a duality between string theory in this background and
conformal field theory in (p+1) dimensions. The isometry group of AdSp+2 is identified with the conformal symmetry
of (p+ 1)-dimensional Minkowski space.
Excitations above extremality break the conformal symmetry and the brane acquires finite temperature and entropy.
The near-horizon, near-extremal form of the solution can be easily obtained by taking in Eq. (2) the near-horizon
limit (7) and the energy above extremality finite. One finds
ds2 = λ2pu
2
[
−
(
1− (u0
u
)p+1
)
dt2 +
p∑
i=1
dxidx
i
]
+
du2
λ2pu
2
[
1− (u0u )p+1
] +R20pdΩ2d−1, (9)
where u and u0 are defined as in Eq. (7).
Using the Bekenstein-Hawking formula, we can easily calculate the entropy of the brane (9). Working in the
canonical ensemble, we can express the entropy Sp as a function of the temperature T and volume V of the brane,
Sp = apV T
p, (10)
where ap depends on the number N of coincident branes and is given for the 1,2,3,5-brane under consideration as
follows,
a1 = piN
2, a2 =
2
7
2pi2
27
N
3
2 , a3 =
pi2
2
N2, a5 =
27
36
pi3N3. (11)
Klebanov et al tried to give a microscopic interpretation of the thermodynamical entropy of the brane using a system
of weak interacting brane excitations [4, 5]. They could reproduce the scaling behavior (10), but they found an
expression for the coefficients ap depending on a parameter n˜, which characterizes the field content of the model:
a1 =
pi
2
n˜, a2 =
7
8pi
ζ(3)n˜, a3 =
pi2
12
n˜, a5 =
pi3
40
n˜. (12)
For the 3- and 1-brane the AdS/CFT correspondence allows an easy identification of parameter n˜. The CFT4 dual
to AdS5 is well known, it is N = 4, U(N) SYM. This fact enables us to identify n˜ = 8N2 [4]. In this way the statistical
entropy is in agreement with the thermodynamical one up to a 3/4 factor. The origin of the discrepancy factor is well
4understood. The gauge theory computation is performed at zero ’t Hofft coupling, whereas the gravity description is
assumed to be valid in the strong coupling regime [23, 24]. For the 1-brane the AdS/CFT correspondence allows us
to reproduce exactly the thermodynamical result (11). In this case, neglecting the 3-sphere of constant radius, the
brane solution (9) is nothing but the Ban˜ados-Teitelboim-Zanelli (BTZ) black hole, whose microscopic entropy has
been calculated by Strominger [6], leading to the identification n˜ = 2N2
For the two M-branes the situation is more involved. The AdS/CFT correspondence is here of little help, because
the dualities AdS4/CFT3 and AdS7/CFT6 are poorly understood. Moreover, in order to explain the dependence
on N in Eq. (11) we need a behavior n˜ ∼ N3/2 and n˜ ∼ N3, respectively for the 2- and 5 brane, which is very
hard to achieve using a field theory. In spite of some progress, achieved considering a D-brane-D-antibrane system
[25, 26, 27, 28, 29], this still remains a puzzling point, which is related with our lack of knowledge about M-theory.
In this paper we will use a 2D approach to the problem of giving a microscopical interpretation for the entropy of
non-dilatonic branes. The first step in this direction is to perform a dimensional reduction in order to obtain a 2D
effective description of the brane. This will be the subject of the next section.
III. DIMENSIONAL REDUCTION
The near-horizon, near-extremal non-dilatonic brane solution (9) factorizes as direct product of a (p+2)-dimensional
spacetime, which is asymptotically AdSp+2, and a (d−1)-sphere Sd−1 of constant radius. This fact allow us to derive,
by dimensional reduction, a 2D effective gravity model, which describes the spherically symmetric excitations of the
brane above extremality. We can perform the dimensional reduction from D to two dimensions using the ansatz:
ds2D = ds
2
2 + φ
2
p
p∑
i=1
dxidx
i +R20pdΩ
2
d−1, (13)
where φ is a scalar field , which parametrizes the volume V of the brane embedded in the (p+2)-dimensional spacetime,
V = φV. (14)
For the RR field strength we have F 2n/n! = Q
2/h
2(d−1)
p . Performing the dimensional reduction in the D-dimensional
action (1) we get the 2D effective model,
A2D = k
∫
d2x
√−gφ
{
R+
(
p− 1
p
)
(∇φ)2
φ2
+ Λ
}
, (15)
where the cosmological constant Λ = R(d−1) − (F 2n/2n!), R(d−1) being the scalar curvature of Sd−1 and the constant
k is
k =
Ωd−1R
d−1
0p V
2k2D
=
2piNV R0p√
α(d− 2)(2pilD)p+1gs . (16)
The class of 2D gravity models described by the action (15) has been already investigated in the literature [30, 31, 32].
In particular, they admit the, asymptotically AdS, 2D black hole solutions,
ds2 = −(b2r2 −A2(br)1−p) + dr
2
b2r2 −A2(br)1−p , φ = φ0(br)
p, (17)
where b2 = Λ/[p(1 + p)] and φ0, A are integration constants. The thermodynamical behavior of the 2D black hole is
characterized by mass mbh, temperature Tbh and entropy Sbh,
mbh =
p
2
φ0A
2b, Tbh =
b(p+ 1)
4pi
A
2
p+1 , Sbh = 2piΦ0A
2p
p+1 . (18)
The 2D black hole solution (17) gives an effective description of the D-dimensional brane solution (9). The 2D
integrations constant A and φ0 can be identified in terms of the physical parameters of the brane. Comparing Eq.(9)
with Eq. (17), we can easily see that A is related to energy of the brane excitations above extremality:
A2 = λp+1p u
p+1
0 . (19)
5We can fix the value of φ0 using a (classical) scale symmetry of the 2D action (15). Rescaling the scalar field φ→ µφ
the action changes as A2D → µA2D. In this way we can change the normalization factor in front of the action.
Choosing the normalization of Ref. [30] (k = 1/2) we have φ0 = 2k. One can easily check that the thermodynamical
behavior of the 2D black hole solution reproduces exactly the thermodynamics of the near-extremal brane (9). In
fact, we have Sbrane = Sbh, Ebrane = mbh and Tbrane = Tbh, where Ebrane is the energy of a brane excitation above
extremality. This fact has a natural interpretation. The thermodynamics of the brane is determined by the behavior
on the horizon of the 2D (r, t) section of metric (9), which is exactly given by the 2D black hole.
On the other hand both the non-dilatonic brane and the 2D black hole seem to have a dual descriptions in terms
of a conformal field theory. For the brane the dual theory is a CFTp+1, whereas for the 2D black hole it is a CFT1
[30, 33, 34, 35, 36, 37, 38]. This gives a strong indication that the CFT1 can be used both to give an effective
description of the CFTp+1 and to obtain a microscopic derivation of the entropy of the brane, in agreement with the
philosophy of the holographic principle. To achieve this goal we first need to investigate the asymptotical symmetries
of the 2D solutions, which will be the topic discussed in the next section.
IV. ASYMPTOTICAL SYMMETRIES
The group of asymptotical symmetry (ASG) of the metric (17) is the group of transformations which leaves the
asymptotic, r→∞, behavior of the metric invariant. The case p = 1 is well known, it corresponds to 2D anti-de Sitter
spacetime (AdS2). Its ASG was investigated in various papers and the problem of the microscopical explanation of
the entropy of the corresponding 2D black hole has been completely solved [33, 34, 35, 36, 37]. In this paper we focus
our attention on the other three cases (p = 2, 3, 5). The asymptotical symmetries of the metric (15) were investigated
in Ref. [30]. In that paper the ASG was identified with the group of reparametrizations of the 1-dimensional,
r → ∞, timelike boundary of the AdS2 spacetime (the diff1 group). It was shown that the generators of the group
satisfy a Virasoro algebra. Unfortunately, the charges associated with the generators and the central extension of
the Virasoro algebra were found to be divergent. A renormalization procedure was not applicable directly because it
erases identically the charges. The divergence is due to the power behavior φ ∼ rp of the scalar field for r → ∞. In
this paper we propose a general method to renormalize the charges in a consistent way. Our method is a generalization
of the renormalization procedure proposed in Ref. [13].
We can separate a finite from a divergent part in the charges performing the change of coordinate:
(br)p−1 → (br)p−1 + βA 2(p−1)p+1 , (20)
where β is an arbitrary dimensionless parameter, whose value cannot be fixed by the renormalization procedure.
Using scale and dimensional arguments one can easily understand that Eq. (20) is the most general translation of
the quantity (br)p−1. An uniform treatment of both even and odd branes is not possible. In the following we will
distinguish the two cases.
Performing the change of coordinate (20) and expanding the solution (17) near r →∞ we have for p = 2,
gtt = −b2r2 − 2βA 23 br − β2A 43 + A
2
br
+O[r−2],
grr =
1
b2r2
− 2βA
2
3
b3r3
+
3β2A
4
3
b4r4
+
(1− 4β3)A2
b5r5
+O[r−6],
φ = φ0(b
2r2 + 2βA
2
3 (br) + β2A
4
3 ), (21)
whereas for p = 3, 5 we get
gtt = −b2r2 − 2
(p− 1)βA
2(p−1)
p+1 (br)3−p +A2(br)1−p − 3− p
(p− 1)2β
2A
4(p−1)
p+1 (br)−(p+1) +O[r2(1−p)],
grr =
1
b2r2
− 2βA
2(p−1)
p+1
(br)p+1
+
A2
(br)p+3
+
3β2A
4(p−1)
p+1
(br)2p
+O[r−2(p+1)],
φ = φ0(b
prp +
p
p− 1βA
2(p−1)
p+1 (br) +
p
2(p− 1)2β
2A
4(p−1)
p+1 (br)2−p) +O[r3−2p]. (22)
In both cases the metric is asymptotically AdS. In view of Eqs. (21), (22), we are led to impose the following boundary
conditions,
gtt = −b2r2 − 2βA 23 br + γtt + Γtt
br
+O[r−2],
6grr =
1
b2r2
− 2βA
2
3
b3r3
+
γrr
b4r4
+
Γrr
b5r5
+O[r−6],
grt =
γrt
b3r3
+O[r−4],
φ = φ0(ρb
2r2 + 2ρβA
2
3 br + γφφ +
Γφφ
br
+O[r−2]), (23)
for p = 2, whereas for p = 3, 5 we have
gtt = −b2r2 + γtt + Γtt
b2r2
+
θtt
b4r4
+O[r−6],
grr =
1
b2r2
+
γrr
b4r4
+
Γrr
b6r6
+
θrr
b8r8
+O[r−10],
grt =
γrt
b3r3
+
Γrt
b5r5
+O[r−7],
φ = φ0(ρ(br)
p + γφφ(br)
p−2 + Γφφ(br)
p−4 + θφφ(br)
p−6 +O[rp−8]) (24)
In Eqs. (23) and (24), ρ, γ, Γ, θ are boundary fields, which depend only on the coordinate t and describe deformations
of the metric and of the scalar φ.
The Killing vectors that preserve the boundary conditions (23) and define the ASG, are
χr = − .ε (t)(r + βA
2
3
b
) +O[r−1], χt = ε(t) +
..
ε (t)
2b4r2
(1− 2βA
2
3
br
) +O[r−4], (25)
those that preserve the boundary conditions (24) are instead,
χr = − .ε (t)r +O[r−2], χt = ε(t) +
..
ε (t)
2b4r2
+O[r−4], (26)
where ε(t) is an arbitrary function of time and the dot denotes derivative with respect to time. Notice that for p = 2
both the boundary conditions (23) and the Killing vectors (25) depend on the parameters A, β. This dependence is
consequence of the coordinate transformation (20). For p odd, there are contributions to the unnormalized charge
coming from terms of order higher than r−4 in Eq. (26). However, these terms do not contribute to the renormalized
charges. We can consistently neglect them. The generators Ln of the ASG span a Virasoro Algebra:
[Ln, Lm] = (n−m)Ln+m + c
12
(n3 − n)δn+m,0, (27)
where we allow for a non-vanishing central charge c. We can therefore identify the ASG as the diff1 group, the
conformal group in one dimension. The diff1 group is an asymptotical symmetry only for the metric part of the
solution (17). The ASG of the metric is broken by the non-constant solution for the the scalar φ. This breaking of
the conformal symmetry is the source of a non-vanishing central charge in the Virasoro algebra (27) [35]. Moreover,
we will see in the following that the power law behavior φ ∼ rp of the scalar field is also related to the appearance of
the divergences in the charges associated with the ASG.
The boundary fields ρ, γ, Γ, θ transform under the action of the diff1 group as conformal fields of definite weight.
The only boundary field that contributes to the renormalized central charge is ρ, whose transformation law is:
δρ = ε
.
ρ −p .ε ρ. (28)
The extremal brane (8) has the AdSp+2 × Sd−1 geometry and is mapped by the dimensional reduction into the AdS2
spacetime, which is given by Eq. (17) with A = 0. Neglecting the scalar field φ, we see that the isometry group of
AdSp+2, the group SO(2, p+ 1), locally isomorphic to the conformal group in (p + 1) dimensions, is mapped by the
dimensional reduction into the ASG of AdS2, namely the diff1 conformal group. The non-constant configuration for
the scalar φ breaks the conformal symmetry and generates a non-vanishing central charge in the Virasoro algebra. The
dimensional reduction allows us to find an effective description of the AdSp+2/CFTp+1 duality at finite temperature
in terms of a AdS2/CFT1 duality with the conformal symmetry broken by the scalar field φ.
V. CENTRAL CHARGE AND ENTROPY
Because the dual theory of the effective 2D gravity theory is an one-dimensional CFT, knowledge of the central
charge in the Virasoro Algebra, allows us to calculate the entropy of the 2D black hole (hence of the near-extremal
7brane) via the Cardy formula. We can compute the central charge appearing in the Virasoro algebra (27) using a
canonical realization of the ASG.
The gravitational Hamiltonian H is easily computed using the ADM parametrization of the metric :
ds2 = −N2dt2 + σ2(dr +N rdt)2, (29)
where N and N r are respectively the lapse and shift functions. According with the Regge-Teitelboim procedure
[39, 40, 41] we must add surface terms J to H , needed to obtain well-defined variational derivatives. In the case under
consideration we obtain:
δJ = −limr→∞
{
N(σ−1δφ′ − σ−2φ′δσ − p− 1
p
σ−1φ−1φ′δφ) −N ′σ−1δφ+N r(Πφδφ− σδΠσ)
}
, (30)
where Πφ and Πσ are respectively the momenta conjugate to φ and σ. The ”orthogonality problem” [42, 43] typical
of two dimensions, can be solved introducing the time-integrated charges [33]:
Ĵ =
b
2pi
∫ 2pi
b
0
Jdt. (31)
The central charge c can be computed using the commutator
δωĴ(ε) = [Ĵ(ε), Ĵ(ω)] (32)
However, in our case the time-integrated charges (31) are divergent and the final outcome of the calculation is a
divergent central charge [30]. A renormalization procedure is needed in order to have finite charges.
After some manipulations we can write Eq.(30) in the following form,
δJ = δJI + εδM, (33)
where M is the charge associated with time translations (ε = 1), while δJI is a complicate function of the boundary
fields and of ε, which for shortness we do not quote here. Eq. (33) presents several divergences. The mass term δM is
divergent because arbitrary excitations of the boundary fields have infinite energy [30]. We can eliminate this kind of
divergences considering deformations of the boundary fields near the classical solution (on-shell deformations). This
can be done using appropriately the equations of motion induced on the boundary by the equation of motion for the
bulk degrees of freedom. For p = 2 we make use of the following boundary equation of motion
.
ρ
2
4b2ρ
= 5β2A
4
3 ρ− γrrρ− 2γφφ, (34)
while for p odd we use,
.
ρ
2
pb2ρ
+ pργrr + 4γφφ = 0,
pρb2γ2rr − (p− 3)
.
ρ bγrt +
p− 1
2p
.
ρ
2
ρ
γtt − p− 1
2p
( .
ρ
ρ
)2
γφφ +
+
2(p− 1)
p
b2
γ2φφ
ρ
+
p− 1
2p
γrr
.
ρ
2
ρ
+
15(p− 1)2
4p
b2γrrγφφ +
(p− 3)p
2
b2ρΓrr +
+(p− 3)(p− 1)b2Γφφ +
.
ρ
.
γrr
2
+
p− 1
p
.
ρ
.
γφφ
ρ
= 0. (35)
Eq. (34) is obtained from the leading and Eqs. (35) from the leading and subleading, terms in the r =∞ expansion
of the bulk field equations coming from the gµν variation of the action (15). Taking the variation of Eqs. (34, 35)
evaluated on the classical solution (21, 22), respectively, one finds that the divergent terms in the mass term of Eq.
(33) vanish. Moreover, the finite part of M is equal to the mass m of the solution calculated using the prescription
of Ref. [44].
This is not the end of the story. The term δJI in Eq. (33) contains also divergent parts. The presence of these
divergences can be traced back to the large r behavior of the scalar field, φ ∼ rp. Because this behavior is shared by
8all the classical solutions of the 2D bulk theory, the most natural way to remove the divergences is to subtract the
contribution of the massless background solution (A = 0 in Eqs. (21), (22)),
ds2 = −b2r2dt2 + dr
2
b2r2
, φ = φ0b
prp. (36)
Indicating with Jbg the charges obtained evaluating Eq. (30) on the massless background and defining the renormalized
charges JR = J − Jbg, we get respectively for p even and odd,
δJR =
φ0βA
2
3
b
(
.
ε δ
.
ρ − ..ε δρ
)
+ εδm,
δJR = −φ0βA
2(p−1)
p+1 p
b
(
p− 2
2p−3
..
ε δρ+
p− 1
2p−1
.
ε δ
.
ρ
)
+ εδm. (37)
Notice that we use here a renormalization prescription that is slightly different from that used in Ref. [13]. In that
paper the charges have been renormalized subtracting only their divergent part. Here, we have chosen a more natural
procedure, which in general gives a different finite result for the charges. We can recover the results of Ref. [13] for
the entropy of the 3-brane, by fixing appropriately the value of the renormalization parameter β.
Taking into account that the time-integrated charges are defined only up to a total time derivative, we can integrate
the variations δJR in Eqs. (37) to obtain,
JR[ε] = −pφ0βA
2(p−1)
p+1
2nb
ε
..
ρ . (38)
where n = (0, 1) respectively, for p =(even,odd). The term proportional to m in Eq. (37) has been canceled by
choosing appropriately the integration constant. JR(ε) in Eq. (38) is related to the energy-momentum tensor Ttt
of the one-dimensional CFT, JR(ε) = εTtt. Using the conformal transformation of the field ρ given in Eq. (28),
expanding in Fourier modes and using Eqs. (27,32), near the classical ρ = 1 solutions, we find the value of the central
charge in the virasoro algebra:
c
12
=
φ0βA
2(p−1)
p+1 p
2n
. (39)
Our result for the central charge depends on the renormalization parameter β. The presence of this arbitrary dimen-
sionless constant is a consequence of our renormalizations procedure. From the point of view of the 2D gravity theory,
β is just a free parameter. However its value can be constrained using arguments stemming from the AdS/CFT
duality. The central charge in the Virasoro algebra is a rational function of the conformal weights of the boundary
fields, so that we can expect β to be a rational number. Moreover, all the information about physical parameters of
the p-brane is contained in the 2D parameters A and φ0. The dimensionless parameter in Eq. (39) must encode the
information about the degrees of freedom of the CFTp+1 living on the brane, leading again to a rational value for β.
We fix β, choosing the value
β =
2n
p2
. (40)
The central charge takes the simple form,
c =
12
p
φ0A
2(p−1)
p+1 . (41)
The entropy associated with the boundary CFT1 characterized by eigenvalue l0 of the operator L0 and central charge
c, is given by the Cardy formula S = 2pi
√
cl0/6, [45]. The eigenvalue of L0 is given in terms of the mass of the 2D
black hole, l0 = mbh/b, whereas c can be read from Eq. (41). We get for the entropy,
S = 2piφ0A
2p
p+1 . (42)
Eq.(42) holds for all the non-dilatonic branes discussed in this paper. Using Eqs. (16, 18) to express φ0 and A in
terms of the brane temperature T and brane parameters N, V, we reproduce exactly the thermodynamical entropy
(10), Sp = apV T
p, with coefficients ap given by Eq. (11). By fixing appropriately the value of the renormalization
9parameter β our microscopical calculation of the brane entropy, which uses an effective AdS2/CFT1 duality, is in
perfect agreement with the thermodynamical result.
Notice that our general formula for the brane entropy (42) holds also for p = 1, although in this case no renormal-
ization procedure, hence no fixing of the parameter β is needed. In our 2D approach, the 1-brane (the BTZ black hole)
becomes after dimensional reduction the AdS2 black hole, whose microscopical entropy has been already calculated
in Ref. [33, 34, 35, 36, 37].
The weak point in our derivation is the fact that we do not have any compelling reason to fix β as in Eq. (40).
However, we can argue that Eq. (40) may not be a simple coincidence. First, this value of β seems to be rather
special. With this choice the central charge (41) takes a simple form for all branes and the dimensionless factor in the
entropy (42) becomes p-independent. Second, the factor 12/p appearing in the central charge (41) seems related to
the number of degrees of freedom of the CFTp+1 living on the brane. The way how the information about CFTp+1
degrees of freedom is encoded in the central charge of the CFT1 may be extremely non trivial. However, our result
seems to support recent attempts fo find generalization of the Cardy formula for CFTs in d > 2 [46].
If we do not fix the renormalization parameter β, the entropy (42) will depend on it. The dependence of the entropy
from a dimensionless parameter can be also understood in terms of the classical scale symmetry of the 2D action (15)
mentioned in Sect. III. Rescaling the scalar field φ, the 2D action changes by an overall factor. This scale symmetry
appears as a subgroup of the isometry group of AdS2. In fact, the metric (36) is invariant under the transformations
r → µr, t→ µ−1t. (43)
This scale symmetry is broken by the scalar field, which encodes the information about the embedding of the brane
in the D-dimensional space-time. In fact φ transforms as φ → µpφ. If we want to preserve the scale symmetry,
the parameter φ0 must scale as φ0 → µ−pφ0. Using this transformation law into Eq. (42) we see that also the
entropy scales in a similar way. This explains the dependence of the entropy from a dimensionless parameter, which is
undetermined, at least at the classical level. Conversely, for the AdSp+1 spacetime in Eq. (8) the scale transformation
(43) can be promoted to an exact isometry transforming the brane coordinates xi → µ−1xi.
VI. CONCLUSION
In this paper we have used a 2D approach to study the microscopic entropy of near-extremal non-dilatonic p-branes
and, more in general, to investigate the AdS/CFT correspondence at finite temperature. Performing a dimensional
reduction, we have found a 2D gravity model that gives an effective description of the p-brane in the near-horizon,
near-extremal regime. The AdS/CFT duality survives the dimensional reduction. An AdS2/CFT1 duality gives an
effective description of the AdSp+2/CFTp+1 correspondence at finite temperature. Finite temperature effects are
taken into account in the 2D model as a breaking of the conformal symmetry, which generates a non-vanishing central
charge in the Virasoro algebra. Using this procedure, we have calculated the entropy of the boundary CFT1. Fixing
in a natural way a dimensionless free renormalization parameter, we have reproduced exactly the Bekenstein-Hawking
entropy of all relevant non-dilatonic p-branes in the near-extremal, near-horizon regime.
Our results represent an important improvement, in particular for what concerns the 2- and 5-brane. For these
branes methods based on the AdSp+2/CFTp+1 duality cannot explain the dependence of the entropy from the number
of branes N . This is probably due to our lack of knowledge about M-theory and about the AdSp+2/CFTp+1 duality
for p = 2, 5. Our 2D approach is more successful simply because it is almost completely based on 2D gravitational
physics, therefore largely independent from the details of the fundamental theory in eleven dimensions.
On the other hand, the fact that a 2D model can be used as an unifying framework to describe all the relevant
non-dilatonic branes, indicates that the 2D description could be more general then it could seem at first sight. The
reason behind this generality can be easily recognized. Similarly to what happens for black holes, also for black
branes the thermodynamical behavior is essentially determined by the 2D (r, t) sections of the spacetime and largely
independent from the transverse dimensions.
The weakness of our 2D approach is that it is not fully predictive. The microscopic entropy of the brane is
determined up to a dimensionless renormalization constant, which from the 2D point of view is a free parameter.
However, the values of this parameter that lead to agreement between statistical and thermodynamical entropy are
natural from the point of view of the brane and seem to have an universal character. This may be the consequence
of the existence of a general and deep relationship between the central charge of the one-dimensional CFT and the
10
number of the degrees of freedom of the brane.
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